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We study the averaged macroscopic strain tensor for a sand pile consisting of soft convex polygonal particles
numerically, using the discrete-element method (DEM). First, we construct two types of “sand piles” by two
different pouring protocols. Afterwards, we deform the sand piles, relaxing them under a 10% reduction of
gravity. Four different types of methods, three best-fit strains and a derivative strain, are adopted for deter-
mining the strain distribution under a sand pile. The results of four different versions of strains obtained from
DEM simulation are compared with each other. Moreover, we compare the vertical normal strain tensor be-
tween two types of sand piles qualitatively and show how the construction history of the piles affects their
strain distribution.
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1. Introduction

Most of the time we handle granular materials in our everyday
life. Examples of such granular materials include sand, rice, small
seed, powders, pills and many others. Among these, sand plays an im-
portant role in various industries such as mining, agriculture and civil
engineering. Clearly, it is also important for geological processes. Sand
piles (stockpiles) stand out due to their high technological relevance:
the storage of granular materials in the form of a sand pile occurs in
many industrial situations. Moreover, sand piles are of fundamental
importance to practical applications, such as silos and dams.

The stress distribution in granular media is important in many sit-
uations including silo design, foundation building as well as for the
constructions of roads and dams. On the other hand, the study of de-
formation of granular materials under external loading is also of prac-
tical importance for many industries. Therefore, the understanding of
the basic physical principles behind the distributions of stress and
strain in stationary granular materials is very important.

The pressure or stress distribution under a sand pile exhibits puz-
zling properties. In some cases, it shows a local minimum (dip) below
the tip of the pile, in others, it does not [1–4]. What is observed de-
pends strongly on the construction history of the sand pile. Moreover,
the size and shape distributions of particles influence the stress distri-
butions of sand piles [5–7], both in two-dimensional [5] and three-
dimensional [7] setups. Determining stress fields inside sand piles
has, for various reasons, been one of the more interesting tasks of re-
searchers on granular materials in the physics community, experi-
mentally [1,5–10], theoretically [4,11–16] and numerically [2,3,17–
20]. To a certain extent, even more interesting than to study the stress
tensor is to determine the strain tensor inside the piles, in order to es-
tablish a correlation between the stress and strain tensors, and to
evaluate effective material properties of the piles, which will help im-
prove our understanding of transport, construction and processing
problems appearing in particulate materials. It is worth mentioning
that strain fields have not been measured so far in experiments on
sand piles and analytical models assume that for sand piles strain
fields are not available. Therefore, constitutive relations proposed
for the equations describing sand piles [4,11–16] have been obtained
without employing the strain tensor.

We focus on investigating numerically the averaged strain under a
sand pile, constructed either from a point source or a line source, by
employing four different types of approaches, three best-fit methods
including Cambou's strain [21], Cundall's strain [22], and Liao's strain
[23], and a simple differentiation method. Then the results are
checked for consistency, i.e., we examine whether the four different
versions of strains are in good agreement with each other.

This paper is organized as follows. In Section 2, we describe details
of the simulation setup. In Section 3, we determine the strain tensor
adopting four different approaches. We then present simulation
results on the strain distributions of two-dimensional sand piles in
Section 4. Section 5 summarizes our results. An appendix explains
the force calculation part of the algorithm, which is essential for its
closeness to reality.

http://dx.doi.org/10.1016/j.powtec.2011.08.039
mailto:drpkroul@yahoo.com
http://dx.doi.org/10.1016/j.powtec.2011.08.039
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2. Simulation method

We use the discrete-element method (DEM) originally developed
by Cundall and Strack [22] for the simulation of particulate materials
to generate sand piles consisting of soft particles. Numerical simula-
tions were performed on two-dimensional systems, in which a sand
pile was constructed from convex polygons with varying shapes,
sizes and edge numbers. Polygons were used as it is believed that par-
ticle shape does play a certain role in determining the properties of
static assemblies of granular matter. Therefore, whereas much of
the dynamics of flowing granular matter may be captured by simula-
tions with circular or spherical particles, such a favorable situation
cannot be expected for a granulate that is mechanically at rest. Real
sand grains vary in shape and might be approximated reasonably by
polyhedral particles in a simulation. However, the algorithmic com-
plexity of a simulation of many polyhedra is formidable; to our
knowledge, no good approach to force calculation for these three-
dimensional objects has been proposed so far, and collision detection,
while algorithmically less challenging, is pretty difficult, too. For two-
dimensional systems, we have to deal with polygons only, which ren-
ders the task feasible. Of course, this takes some of the realism out of
our simulations, but the basic phenomena to be discussed have been
observed experimentally both in two- and three-dimensional assem-
blies so that we may expect to be able to learn something from sim-
ulations in two dimensions (2D) as well.

The particles were poured either from a point source (wedge se-
quence) or a line source (layered sequence). Static and dynamic fric-
tion forces are accounted for in our force law, which enables us to
simulate the relaxation of sand piles to their final static state.

The basic structure of DEM consists of a simple loop that is com-
posed of three steps: collision detection, force calculation and time in-
tegration. In order to determine the position and orientation of each
particle, we solve Newton's and Euler's equations of motion (1),
using an explicit algorithm, a fifth-order Gear predictor–corrector
method [24], usually with a fixed time step:

mir
::
i ¼ Fi þ∑

n

j¼1
Fij

Iiϕ
::

i ¼ Ti þ∑
n

j¼1
Tij:

ð1Þ

Here,mi and r
::

i denote the mass and linear acceleration of particle i.
Fi is the external force acting on particle i; in our problem, gravity is
the only external force acting on the particles.Fij is the force produced
by the particle touching particle i in contact j. Tij is the torque about
the center of mass generated by this force, and Ti, accordingly, is the
torque by the external force. With gravity as the only external force,
we have Ti=0 for all i, since a homogeneous gravitational field does
not produce a torque about the center of mass (more or less by defi-
nition). Ii andϕ

::

i are the moment of inertia and angular acceleration of
particle i about its center of mass, respectively. The angles ϕi are mea-
sured with respect to some arbitrary but fixed direction. The first of
Eq. (1) is vectorial, the second scalar (because we work in 2D).

We use soft particles in simulations, meaning that particles can in-
terpenetrate partially. From a theoretical point of view, the most in-
teresting case would rather be that of completely rigid particles,
first, because this is a good approximation to the sand piles we have
in mind, second, because in such a pile strains would be a truly mac-
roscopic property, arising solely from particle displacements due to
rearrangements and not from deformation of the particles them-
selves. To set up such a simulation, contact dynamics [25–27] would
be the method of choice. However, contact dynamics is algorithmical-
ly very demanding and, what is worse, does not scale linearly with
particle number, thus limiting rather severely the size of systems
that can be simulated. In order to avoid the problems arising from
static indeterminacy of rigid particles, it would then be advantageous
to assign a small amount of deformability to the particles. But to solve
the elastic equations for each collision between pairs of nonrigid par-
ticles would be inefficient. Hence, we do not allow shape changes. In-
stead, we calculate forces between particles from their overlap during
a collision. The larger this overlap, the stronger the repulsive force.
While an in-depth description of the force calculation algorithm
may be found in our previous work [28,29], we collect some of the de-
tails in an appendix for the convenience of the reader and to make
this article more self-contained.

An additional advantage of our approach is that it may be easily
adapted to both static and dynamic simulations without major
changes.

We constructed two types of symmetric sand piles from about
6500 particles by adopting two different pouring protocols — the 14
piles and 11 piles were built from point source and line source proce-
dures, respectively. The detailed construction procedures for the two
types of sand piles are given in [30]. The corner number of the parti-
cles varies from 6 to 8 in each simulation. We used a static friction co-
efficient of μ=0.54 for the particles, and the same value in the
dynamic friction coefficient (reasons are given in the appendix).

For the precise definition of the simulation parameters the values
of which we give now, we refer the reader to the appendix. The den-
sity ρ and Young's modulus Y of the particles were chosen equal to
5000 kg/m2 and 107N/m, respectively. We did not implement cohe-
sion in these simulations as we are interested in the behavior of cohe-
sionless granular aggregates. The time step for constructing the sand
piles was 2×10−6s, and damping coefficient (explained in the appen-
dix) was γ=0.75. Particles were inscribed into ellipses, the principal
axes of which (aligned horizontally and vertically) were drawn inde-
pendently from uniform distributions. Here, the average was taken
equal to 6.8mm for both axes and both types of sand piles. The degree
of polydispersity was 30%, meaning that the interval, from which the
axes were drawn extended from 0.7 times the average to 1.3 times
the average.

The average angle of repose, a result rather than an input quantity,
was obtained by taking the average over the left and right base angles
of the sand piles and found to be about 28° and 27° for point source
and line source sand piles, respectively.

Once we have the forces and their points of contact, we can deter-
mine the stress tensor of a single particle. The stress tensor of a single
particle can be expressed as follows:

σij ¼
1
Vp ∑

n

c¼1
xci f

c
j ; ð2Þ

where xi
c is i-th component of the branch vector jointing from the

center of mass of the particle to the contact point c, and fj
c is the j-th

component of the total force in that contact point. The summation
in Eq. (2) is over all contact points of the particle p. Vp is the volume
of the particle (it is an area in two-dimensions).

This microscopic stress tensor is not a meaningful quantity to de-
scribe the macroscopic sand pile, so we have to average over many
particles in a representative volume element (RVE) for a continuum
description. The size of the RVE is determined from the requirement
to obtain converged results. We determined this size and found con-
sistent results using boxes containing 100–200 particles.

3. Determining strains

We deform the sand piles by slowly reducing gravity from the
ambient gravity level of the pile at g=9.81 m/s2. Our original
idea was to define strain fields with respect to a hypothetical refer-
ence state of zero gravity of a pile essentially equivalent to the
one at ambient gravity, except for slightly changed positions of the
particle centers of mass. The reference state would then be reached
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from the actual one by reducing gravity slowly. In principle,
it is not necessary to go down to zero gravity, as long as the strains
increase linearly with the gravity level. Instead, one may then ex-
trapolate to zero from the knowledge of the positions of the particle
centers of mass at two arbitrary different gravity levels. Of course,
linearity has to be checked by looking at different gravity levels
of the piles.

This procedure does not work as expected, since a reduction of
gravity leads to a linear reduction only of normal stresses correspond-
ing to the direction of gravity, i.e. σyy, but not horizontal stresses, i.e.,
σxx. The reason behind this is that σxx is essentially determined by
horizontal static friction. Since the frictional contacts need not be
fully mobilized, there is no strict proportionality between lateral
forces and gravity, when we change gravity slowly. Let us define μeff
to be the true proportionality coefficient between the friction force
F∥ at a contact and the normal force F⊥ on it, μeff=|F∥/F⊥|, then we
have 0≤μeff≤μ, the left-hand equality corresponding to contacts
that are not mobilized at all, while the right-hand one describes
fully mobilized contacts, i.e. contacts that will become sliding as
soon as the tangential force F∥ gets a little larger. The fact that μeff
may change during a modification of the gravity level destroys the de-
sired linearity property. In order to verify this phenomenon, we first
created three different types of sand piles separately with different
gravity levels of g=9.81 m/s2, g=5 m/s2 and g=20 m/s2, where
the particles were poured from a point source, which means three
sand piles were constructed using the same simulation parameters
except for the value of gravity acceleration. We then measured nu-
merically the vertical normal stress σyy and the horizontal normal
stress σxx inside the resulting sand piles. They are illustrated in
Fig. 1. On the left-hand side of the figure, panels (A), (B) and (C), re-
spectively, show the vertical normal stresses for the sand piles at
g=9.81 m/s2, g=5 m/s2 and g=20 m/s2, whereas on the right-
hand side, panels (D), (E) and (F) show the corresponding horizontal
normal stresses. It can be seen that in this case the vertical and hori-
zontal normal stresses are proportional to the gravity level as
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Fig. 1. Vertical (σyy) and horizontal (σxx) components of stress tensor at three different gravi
source with g=9.81, g=5, and g=20. In panel (A) we give σyy at g=9.81, in (B) σyy at g=
expected. On the other hand, when we measure the stresses for a
sand pile created at g=9.81 m/s2 after slowly changing gravity levels
to g=5 m/s2 and g=20 m/s2, respectively, the vertical normal stress
σyy remains proportional to gravity, but the horizontal normal stress
σxx does not as the simulation results shown in Fig. 2 demonstrate.
Note that the maximum of σxx changes by a factor of 2 only, that of
σyy by a factor of 4, corresponding to the factor in g. Moreover, we ar-
rived at the same conclusions for the shear stress σxy as it is propor-
tional to the gravity level when we created separately three
different types of sand piles with different gravity levels of
g=9.81 m/s2, g=5 m/s2 and g=20 m/s2 as represented in Fig. 3,
whereas it is not when we change gravity levels from g=9.81 m/s2

to g=5 m/s2 or from g=9.81 m/s2 to g=20 m/s2 (see Fig. 4).
For sand piles created at different gravity levels, all three stress

components (σyy,σxx,σxy)scale with gravity, indicating that the distri-
bution of effective friction coefficients and hence the degree of mobi-
lization of contacts is the same. However, if we reduce gravity for a
pile created at ambient gravity, contacts not fully mobilized need
not reduce their friction force and may become mobilized instead.
So the distribution of μeff will shift towards higher values, σxx will be
reduced by a smaller amount than proportionality would dictate.
An increase of the gravity level will lead to a reduction in the degree
of mobilization, shifting effective friction coefficients to smaller
values.

Nevertheless, it is of course still possible to determine incremental
strains, which are defined as the strain changes between the actual
state and a state at a different gravity level. Using incremental stres-
ses and strains, one can determine macroscopic elastic constants in-
side the piles.

We employ three different versions of best-fit strains proposed by
Cambou et al. [21], Cundall et al. [22], Liao et al. [23], and a simple dif-
ferentiation method for determining the macroscopic strain tensor
inside the sand piles. The results of these four different versions of
strains obtained from DEM simulation have to be compared with
each other.
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state at g=5, second one obtained by increasing gravity to g=20. (a) σyy at g=5, (b) σyy at g=20, (c) σxx at g=5, and (d) σyy at g=20. Theses are to be compared with panels
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The best-fit strains are based on the idea that a translation gradi-
ent is obtained which gives the smallest deviation from the character-
istic displacements of an assembly of grains. The term characteristic
displacement means the translation of the particle center or the rela-
tive translation of a contact point, the latter involving rotation of the
particles around their centers. We determine the translation of the in-
dividual particle center, rotation of the particles, and relative transla-
tion of two particles at the contact by considering two different
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Fig. 3. Shear stresses (σxy) at three different gravity levels of sand piles that were con-
structed separately by pouring particles from a point source with g=9.81, g=5, and
g=20. In panel (A) we give σxy at g=9.81, in (B) σxy at g=5, in (C) σxy at g=20.
gravity levels of sand piles. One is the actual state of the sand pile at
a gravity level of g=9.81 m/s2 and the second one is obtained by re-
ducing gravity slowly by about 10% from that ambient gravity level. In
the following subsections, we discuss three different kinds of least-
square fit strains along with a derivative strain known as:

■ The best-fit strains of Cambou et al.,
■ Cundall's best-fit strain,
■ The best-fit strains of Liao et al.
■ Derivative method.
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(a) σxy at g=5, and (b) σxy at g=20.
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Clearly, our two-dimensional simulation cannot faithfully repre-
sent the three-dimensional modes of deformation of a sand pile, be-
cause in 3D, while it is possible to impose either a stress or a strain
field that depends on two Cartesian coordinates only, hence is two-
dimensional, there is always a coupling of the conjugate field to the
third dimension. For example, if the stress distribution is truly two-
dimensional, a situation depicted as plane stress, then the strain has
a non-vanishing component along the third direction [for isotropic
linear elasticity, uzz ¼ − ν

1−ν uxx þ uyy
� �

, ν is Poisson's ratio]; on the
other hand, if the strain distribution is purely two-dimensional, a
case named plane strain, then the stress has a non-vanishing third
normal component [for isotropic linear elasticity, σzz=ν(σxx+σyy)].
So there is no satisfactory mapping from the two-dimensional case
to the three-dimensional one. Nevertheless, the basic phenomena,
such as the pressure minimum in sand piles are known to occur in
2D as well as in 3D, so qualitative conclusions may still be drawn
from two-dimensional simulations. Moreover, experiments with
two-dimensinal sand piles have been done [5]. The particles in [5]
were not really much smaller in one spatial direction than in the
others, a situation that would have corresponded to plane stress,
but since the cases of plane stress and plane strain can be mapped
onto each other by a simple transformation of the Poisson ratio
(while keeping the shear modulus constant), our simulations
(which correspond to the assumption of plane strain) would have rel-
evance to experiments of this kind.

3.1. Cambou's best-fit strain

This method was proposed by Cambou et al. [21] who consider the
relative translation instead of the contact deformations and exclude
particle rotations from the analysis. Displacements are characterized
in terms of the translations of the particle centers.

Let us assume that two grains p and q have a contact c and duj
p de-

notes the translation of the center of particle p along axis [i=x(≙1)
or i=y(≙2)].The relative translation of the pairs of grains p and q
forming contact c is

dΔuc
j ¼ duq

j −dup
j : ð3Þ

Let ripc and ri
qc be the contact vectors joining from the correspond-

ing particle centers to the contact point c. According to Cambou et al.
the branch vector assigned to a contact is defined as li

c=ri
pc− ri

qc, as
illustrated in Fig. 5, i.e., it is simply the difference of the center-of-
mass vectors of the two particles sharing the contact c (usually,
these center-of-mass vectors are called branch vectors, but Cambou
et al. use a different convention).
Fig. 5. Schematic diagram of Cambou's branch vector lc assigned to the contact c of two
particles. Note that according to our preceding nomenclature rpcand rqc are the branch
vectors.
If every particle of an assembly of grains moved according to a uni-
form translation gradient tensor εji, then the relative translation of the
two particles would be

dΔuc
i ¼ εjil

c
j : ð4Þ

However, usually microscopic displacements do not have uniform
gradients, and in a general case, we would have

dΔuc
i≠εjil

c
j : ð5Þ

Then, we determine the tensor εji for which the square sum of the
deviations from Eq. (5) is smallest i.e., we minimize the following
quantity

Z ¼ ∑
n

c¼1
dΔuc

j−εjil
c
j

� �2 ð6Þ

with respect to εkl, i.e., we set ∂Z
∂εkl

¼ 0 for every pair k, l.
Eq. (6) gives four equations in 2D which can be written in matrix

form as follows

∑
n

c¼1
lc1l

c
1

∑
n

c¼1
lc1l

c
2

∑
n

c¼1
lc2l

c
1

∑
n

c¼1
lc2l

c
2

0
BB@

1
CCA ε1i

ε2i

� �
¼

∑
n

c¼1
dΔuc

i l
c
1

∑
n

c¼1
dΔuc

i l
c
2

0
BB@

1
CCA ði is 1 or 2Þ: ð7Þ

Let zij denote the inverse of the coefficient matrix. In order to de-
termine the ε11 and ε21 we substitute i=1, whereas i=2 is substitut-
ed for the calculation of ε12 and ε22. The solution of Eq. (7) can be
written in the general form

εij ¼ zik ∑
c
dΔuc

j l
c
k; i; j ¼ 1;2: ð8Þ

The tensor εij in Eq. (8) is the best-fit translation gradient of Cambou
et al. [21]. The components of the strain tensor in 2D are as follows

εxx x; yð Þ ¼ ∑
c
dΔuc

x z11l
c
x þ z12l

c
x

� �

εyy x; yð Þ ¼ ∑
c
dΔuc

y z21l
c
y þ z22l

c
y

� �

εxy x; yð Þ ¼ ∑
c
dΔuc

y z11l
c
x þ z12l

c
y

� �

εyx x; yð Þ ¼ ∑
c
dΔuc

x z21l
c
x þ z22l

c
y

� �
:

We note that the strain tensor uij is obtained from the above equa-
tions by symmetrization, i.e. uij ¼ 1

2 εij þ εji
� �

.

3.2. Cundall's best-fit strain

This best-fit strain was proposed by Cundall et al. [22], the strain
tensor is calculated by considering the translations of the particle cen-
ters, while particle rotations are not taken into consideration.

Let xip be the i-th component of the initial position of the center
of mass of particle p in the actual state of a sand pile in a two-
dimensional system. The translation of the center of particle p is
denoted as duip and N is the total number of particles within the aver-
aging volume element. A particle is considered inside the volume el-
ement, if its center of mass lies inside it.
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The average of the i-th component of the position vectors of parti-
cle centers inside the averaging element is

Xi
′ ¼ 1

N
∑
N

p¼1
xpi ; ð9Þ

and the average of the particle translations inside the averaging ele-
ment is

dU′
i ¼

1
N
∑
N

p¼1
dui

p
: ð10Þ

The deviations of the individual particle positions can be calculated
with

Xp
i ¼ xpi −Xi

′
: ð11Þ

And the deviations of the relative translations of the individual
particles with respect to the average translation are determined from:

dUp
i ¼ dup

i −dUi
′

� �
: ð12Þ

If each particle inside the averaging volume element moved exact-
ly according to a uniform translation gradient tensor εij, the relative
translation of individual particle would be

dUp
i ¼ εjiX

p
j : ð13Þ

However, usually this is not the case, hence, we would not find
any εij satisfying Eq. (13), in short

dUp
i −εjiX

p
j ≠0: ð14Þ

Instead, we determine the tensor εij for which the square sum of
the deviations in Eq. (14) is smallest i.e., we minimize the following
expression

Z ¼ ∑
p

dUp
i −εjiX

p
j

� �2 ð15Þ

with respect to εji, i.e. we set ∂Z
∂εkl

¼ 0 for every k, l.

Eq. (15) provides four equations in 2Dwhich can be expressed in a
matrix form as follows

∑
p

Xp
1X

p
1

∑
p

Xp
2X

p
1

∑
p

Xp
1X

p
2

∑
p

Xp
2X

p
2

2
4

3
5 ε1i

ε2i

� 	
¼

∑
p

dUp
i X

p
1

∑
p

dUp
i X

p
2

2
4

3
5 i is 1 or 2ð Þ: ð16Þ

Let wij denote the inverse of the coefficient matrix. In order to de-
termine the components of strain tensors ε11 and ε21 we substitute
i=1, whereas i=2 is substituted for the calculation of ε12 and ε22.

The solution of Eq. (16) can be written in the general form

εij ¼ wik ∑
p
dUp

j X
p
k i; j ¼ 1;2: ð17Þ

The tensor εij in Eq. (17) is the best-fit translation gradient of Cundall
et al. The components of the strain tensor in two dimensions are as
follows

εxx x; yð Þ ¼ ∑
p
dUp

x w11X
p
x þw12X

p
x

� �

εyy x; yð Þ ¼ ∑
p
dUp

y w21X
p
y þw22X

p
y

� �

εxy x; yð Þ ¼ ∑
p
dUp

y w11X
p
x þw12X

p
y

� �
εyx x; yð Þ ¼ ∑
p
dUp

x w21X
p
x þw22X

p
y

� �
:

3.3. The best-fit strain of Liao et al.

This approach has been proposed by Liao et al. [23] and the defini-
tion is based on similar ideas to those of Cundall's best-fit strain and
Cambou's best-fit strain, but instead of considering center-of-mass
translation of the particle, Liao et al. consider displacements of the
contact points in the calculation of contact deformation which
means that they have to take into account particle rotation besides
particle translation.

Let us consider two particles p1 and p2 touching each other at the
contact point c. The vectors rip1c and ri

p2c are the branch vectors joining
from the particle centers to the contact point. Now, we can define the
translation of p1c and p2c, given by

dup1c
i ¼ dup1

i þ βijkr
p1c
j dθp1k ; ð18Þ

dup2c
i ¼ dup2

i þ βijkr
p2c
j dθp2k ; ð19Þ

where dui
p1 denotes the translation of the center of mass of the parti-

cle p1, while dθip1 signifies rotation of the particle p1 about its center.
βijk is the permutation symbol.

The contact deformation dei
c at the contact c would be

deci ¼ dup2c
i −dup1c

i : ð20Þ

In general, every particle does not move exactly according to a
uniform translation gradient tensor, hence we have

deci−εjil
c
j≠0; ð21Þ

where lj
c is the j-th component of the vector joining the centers of

mass of the two particles p1 and p2 sharing contact c.
Similar to the case of the definition of Cundall and Cambou strains,

we determine the tensor εij for which the sum of the deviations
square in Eq. (21) is the smallest.

Therefore, we minimize the following quantity with respect to εji,

Z ¼ ∑
c

deci−εjil
c
j

� �2 ð22Þ

i.e. we set ∂Z
∂εkl

¼ 0 for every k, l.
Again we obtain four equations in 2D which can be written in a

matrix form as follows

∑
c

lc1l
c
1

∑
c

lc1l
c
2

∑
c

lc2l
c
1

∑
c

lc2l
c
2

" #
ε1i
ε2i

� 	
¼

∑
c

deci l
c
1

∑
c

deci l
c
2

" #
i ¼ 1;2: ð23Þ

The solution of Eq. (23) can be written in the general form

εij ¼ zik ∑
c
decj l

c
k i; j ¼ 1;2: ð24Þ

where zij denotes the inverse of the coefficient matrix on the left-
hand side of Eq. (23). The components of the strain tensor in two di-
mensions are as follows

εxx x; yð Þ ¼ ∑
c
decx z11l

c
x þ z12l

c
x

� �

εyy x; yð Þ ¼ ∑
c
decy z21l

c
y þ z22l

c
y

� �

εxy x; yð Þ ¼ ∑
c
decy z11l

c
x þ z12l

c
y

� �
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Fig. 6. Vertical normal strain tensor at the bottom layer of the sand pile constructed
from a line source obtained using four different approaches.
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Fig. 7. Vertical normal strain tensor at the bottom layer of the sand pile constructed
from a point source obtained using four different approaches.
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εyx x; yð Þ ¼ ∑
c
decx z21l

c
x þ z22l

c
y

� �
:

3.4. Derivative method

We derive a formula for the strain tensor by using the derivative of
the particle displacement, which means that the particle rotations are
not used in the calculation of the strain tensor. The displacement vec-
tor of a single particle reads

ui ¼ xi−x′i; ð25Þ

where xi is the initial position of the center of mass of particle i and x′
i

is the final position of the center of mass of the particle after applying
an overload to the sample. Then, we take an average over individual
displacements of the particles inside the volume element to deter-
mine a continuous displacement field as a function of the point posi-
tion (x,y).

ui x; yð Þ ¼ 1
n
∑
n

i¼1
ui ð26Þ

The sum is over the particles in an averaging volume element cen-
tered at (x,y). This procedure allows us to determine the components
of the strain tensor at the point considered. The simplest approxima-
tion for the three components of the strain tensor in two dimensions
(which are linear combinations of derivatives of the displacements) is
as follows

uyy x; yð Þ ¼
uy x; yþ hy
� �

−uy x; yð Þ
hy

uxx x; yð Þ ¼ ux xþ hx; yð Þ−ux x; yð Þ
hx

uxy x; yð Þ ¼
0:5 ux x; yþ hy

� �
−ux x; yð Þ

� �
hy

þ
0:5 uy xþ hx; yð Þ−uy x; yð Þ

� �
hx

ð27Þ

where hx and hy are the distances between the centers of the neigh-
boring averaging volume element along the x and y directions and
the center of the current one, respectively.

4. Simulation results

Here, we are interested in determining the strains using four dif-
ferent versions of strain tensors (the three best-fit strains and the de-
rivative strain) using the Eqs. (8), (17), (24), and (27) by numerical
investigation, and to compare the results for the vertical normal
strain tensor quantitatively. The results of the average (negative) ver-
tical normal strain at the bottom layer of the sand pile constructed
from a line source are illustrated in Fig. 6. All the strain tensors
were measured via imposing a 10% reduction of gravity from the am-
bient gravity level.

For the case of a line source, we have averaged results over seven
sand piles in order to reduce fluctuations. We observe from Fig. 6 that
the best-fit strains of Cambou et al. and Cundall et al. are close to each
other with a deviation of few percent, while the best fit strain of Liao
et al. significantly differs from the Cambou strain and Cundall strain,
the deviation going up to 30–40%. The reason for this large deviation
may be the inclusion of particle rotations in the calculation of the Liao
strain, instead of consideration of only the translation of the particle
center. Possibly, the Liao strain might be useful in theories employing
micro-polar continua and involving couple stresses in addition to
force stresses. Then micro-rotation effects may partially compensate
for the excess strains of Liao et al. As long as we assume a symmetric
stress tensor, the other strain definitions appear to be more useful.

On the other hand, the vertical normal (negative) strain obtained
using the differentiation method shows a behavior different from that
of the other strains especially in the vicinity of the surface of the sand
pile, but is similar to them near the center of the sand pile. It is in
good quantitative agreement with the best-fit strains of Cambou et
al. and Cundall et al. Clearly, numerical differentiation should be
avoided whenever possible and the deviations near the extremities
of the sand pile are artifacts of the procedure.

Furthermore, we compared the results of the four types of strains
quantitatively for sand piles constructed from a point source. Fig. 7
gives the simulation results of average negative vertical normal
strains at the bottom layer of the point source sand pile. For the
point source case, we averaged the strains over seven sand piles
each. Again, quantitative comparison indicates strong deviations for
the Liao strain and exhibits the deficiencies of the differentiation
method.

Moreover, the vertical normal strain shows a dip (Fig. 7) near the
center of the piles that are poured from a point source. On the other
hand, the vertical normal strain increases towards the center and to-
wards the bottom layer of sand piles poured from a line source, i.e., a

image of Fig.�6


Fig. 8. Illustration of geometrical and dynamical quantities used in the calculation of
two colliding particles. This is a close-up and much more detailed version of Fig. 5.
The size of the overlap area (not shown in Fig. 5) is strongly exaggerated.
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strain dip does not occur in sand piles constructed from a line source,
see Fig. 6.

5. Conclusion

To obtain a measure for strain, the sand pile was allowed to relax
under reduction of gravity. We define strain with respect to a hypo-
thetical reference state of a pile at zero gravity. This reference state
may be approximated using a static pile obtained in a simulation, by
slowly changing gravity and following the particle trajectories during
the ensuing load change and then extrapolating to zero gravity, as has
been discussed in Section 3. This procedure gives a decent approxi-
mation for the vertical strain uyy, but is only qualitative for uxx and
uxy. Incremental strains can be measured precisely, because they do
not require the definition of a particular reference state. Then it is
easy to compute the macroscopic strain tensor by averaging over an
RVE.

The averaged strain tensor was evaluated for two types of sand
piles that were built using two different pouring procedures. We
find that the vertical normal strain uyy shows a dip below the apex
of the pile constructed from a point source. A similar vertical normal
strain minimum was not obtained in piles poured from a line source,
which demonstrates that the construction history affects the strain
distribution under a sand pile.

To optimize our strain calculations, the strain tensor was evaluat-
ed by adopting three different types of best-fit methods including
Cambou et al. [21], Cundall et al. [22], and Liao et al. [23], and also
by simple differentiation of the displacement particle centers. Simula-
tions showed that the strains obtained by Cambou et al., Cundall et al.
and the differentiation method give similar results, whereas the
strain obtained using Liao et al. exhibits different behavior. The close-
ness of the results from three out of the four methods in most of the
pile suggests consistency of these strain calculations.

Simulation results of stress and strain tensor may serve for a de-
termination of nonlinear stress–strain relationships for sand piles.
Moreover, the constitutive relations proposed for sand pile models
so far are in terms of the stress tensor only and it would be interesting
to develop better constitutive relations using the stress and strain
tensors.
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Appendix: calculation of contact forces

A completely realistic approach to the calculation of a contact
force should start from the elastic properties of the two colliding par-
ticles and their deformation on impact, then take into account plastic
contributions when strains become large and finally include a good
friction model. However, such an approach is not practical given the
huge number of collisions we wish to treat in a decent amount of
time and the numerical cost of the solution of partial differential
equations.

Instead, we allow particles to overlap without shape change, but
introduce a repulsive force that increases strongly with increasing
overlap of a pair of particles thus mimicking the effects of elastic
(and possibly plastic) deformation. Fig. 8 visualizes the geometrical
elements relevant to the calculation. Due to the convexity of overlap-
ping particles, their boundaries will intersect in exactly two points c1
and c2, as soon as there is a finite overlap area. The straight line join-
ing these points is the contact line, used to define a normal direction
n⊥ and a tangential direction n∥ as well as the point where contact
forces act, for which its midpoint sij is taken. Since we assume equal
density for all particles, the particle massesmi andmj are directly pro-
portional to the corresponding particle areas. The contact point sij is
also needed in the definition of the branch vectors ri and rj pointing
to it from the centers of mass of the particles. The overlap area A is
calculated using the surveyor's formula for the inner polygon contain-
ing the corners c1 and c2. Dynamical quantities entering the force cal-
culation are the particle velocities vi and vj and the angular
frequencies of particle rotation, ωi and ωj.

First we define a few quantities needed in the calculation. The
characteristic or contact length is given by l ¼ rirj

riþrj
, where ri ¼ rij j, rj ¼

rj


 

 (so it is not the length of the contact line). This is half the harmon-
ic mean of the branch vector lengths corresponding to the common
contact of the two particles. If one of the particles is much smaller
than the other, l becomes equal to its branch vector length. This
choice of a characteristic length accounts for the fact that the same
elastic displacement is much more easily imposed on a large body
than on a small one, or to put it differently that short springs are stif-
fer than long ones. Next, we introduce a reduced mass viam⊥ ¼ mimj

miþmj
,

and a “tangential” mass m∥ ¼ 1

1
mi
þ 1

mj
þr2

i
Ii
þ

r2
j
Ij

, where Ii and Ij are the mo-

ments of inertia of the particles with respect to their centers of mass
[see also Eq. (1)], calculable from their polygonal shape assuming ho-
mogeneous mass density. The tangential velocity of one particle re-
ferred to the other is v∥ ¼ v1−v2 þ r1×ω1−r2×ω2ð Þn∥. We define a
penetration depth using the overlap area A and the characteristic length
l: deff=A/l. This depth is essentially proportional to the overlap area, as
the characteristic length changes very little during a collision. With
these definitions, the contact force consists of three contributions.

(i) An elastic repulsive force normal to the contact length:

F⊥ ¼ Ydeff ¼ Y
A
l
:

Here, the particle Young's modulus Y is used for the first time.
(ii) A dissipative normal force to account for the fact that collisions

are almost always inelastic: This force is constructed in two
steps. First, we set

D�
⊥ ¼ γ

ffiffiffiffiffiffiffiffiffiffi
Ym⊥

p
˙deff ¼ γ

ffiffiffiffiffiffiffiffiffiffi
Ym⊥

p ΔA
lΔt

;

where the second formula follows from the assumption that l is
constant during the collision. γ is a damping coefficient. Now it
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can happen that |D⊥*| becomes larger than |F⊥|, which is not a
problem when the two particles approach each other. But if
this occurs while they move away from each other, then the
resulting force will be attractive which is unphysical. Hence
the dissipative part of the normal force is set according to the
following rule

D⊥ ¼ D�
⊥ on approach

max D�
⊥;−F⊥ð Þ on separation

:

�

(iii) A tangential friction forceF∥ following the work of Cundall and
Strack [22]: To be able to model Coulomb friction, we use the
following procedure. Whenever two particles touch, an imagi-
nary spring is attached to the contact point. This spring is elon-
gated during the continuing sliding motion of the particles
alongside each other. A restoring force of the spring will then
start to build up. Of course, this force cannot become arbitrarily
large, so the spring will not be elongated any further, when the
maximum force allowed by the static friction coefficient has
been reached. Instead the spring is pulled along the contact
line, sliding at fixed extension. Clearly, the tangential force
does not have to reach the maximum value μF⊥, because it
acts to reduce v∥, and once the relative tangential motion of
the two particles stops, the spring is also not elongated any fur-
ther. The spring is removed when a contact opens up. At initi-
ation of a new contact, we set F∥(0)=0 and afterwards, the
tangential force evolves according to

F�∥ t þ Δtð Þ ¼ min F�∥ tð Þ þ 2
7
Yv∥Δt; μF⊥ tð Þ

� �
;

where μ is the static friction coefficient, and the factor 2
7 is

adapted to Hertzian stress for spherical particles. For a sliding
contact, μ should be replaced by the dynamic friction coeffi-
cient, which in our simulations is taken equal to the static coef-
ficient. This allows us to get around the necessity of deciding
whether a contact is sliding or not (which is nontrivial, as the
exact value zero of the velocity is numerically infrequent). In
order to avoid or reduce spurious oscillations of the tangential
velocity, a viscous damping term is introduced for the tangen-
tial force similar to the procedure used in the calculation of the
normal force. Setting

D∥ ¼ v∥

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2
7
Ym∥

r
;

we compute the total tangential force as

F�∥ t þ Δtð Þ ¼ Fmin F�∥ tð Þ þ 2
7
Yv∥Δt þ D∥










; μF⊥ tð Þj j

� �
;

with the sign chosen appropriately, so the force will always be
opposite to the relative tangential motion of the two particles.
In total, three parameters enter the force model; these are the
particle Young's modulus Y, the phenomenological viscosity γ,
and the friction coefficient μ. The particle Young's modulus is a
phenomenological coefficient, too, since it may differ by a
(small) factor from the true bulk Young's modulus, given that
the normal elastic displacement is assumed proportional to,
but not necessarily equal to, A/l.
Advantages of the described modeling procedure are that a
particle sliding with a small velocity on a substrate (for
which another big particle may serve) will not commence
continuous oscillations and that a particle is able to come to
rest on an inclined plane, both features that our force model
should have in the interest of realism.
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