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Abstract This work is a contribution to the under-

standing of the mechanical properties of non-cohesive

granular materials in the presence of friction and a

continuation of our previous work (Roul et al. 2010) on

numerical investigation of the macroscopic mechan-

ical properties of sand piles. Besides previous numer-

ical results obtained for sand piles that were poured

from a localized source (‘‘point source’’), we here

consider sand piles that were built by adopting a ‘‘line

source’’ or ‘‘raining procedure’’. Simulations were

carried out in two-dimensional systems with soft

convex polygonal particles, using the discrete element

method (DEM). First, we focus on computing the

macroscopic continuum quantities of the resulting

symmetric sand piles. We then show how the con-

struction history of the sand piles affects their

mechanical properties including strain, fabric, volume

fraction, and stress distributions; we also show how the

latter are affected by the shape of the particles. Finally,

stress tensors are studied for asymmetric sand piles,

where the particles are dropped from either a point

source or a line source. We find that the behaviour of

stress distribution at the bottom of an asymmetric sand

pile is qualitatively the same as that obtained from an

analytical solution by Didwania and co-workers (Proc

R Soc Lond A 456:2569–2588, 2000).
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1 Introduction

During the last few years, extensive research has been

devoted to the study of the mechanical properties of

granular materials. To some extent, this is due to their

importance in applications within various industrial

branches such as the pharmaceutical, agricultural,

geotechnical, and energy production industries. On

the other hand, granular media are also interesting

from a fundamental point of view—so far no

generally applicable coherent theoretical description

for their macro-states is available, a situation that

calls for more scientific activity.

In particular, the stress distribution under a sand

pile has attracted much attention, based on theoretical

(Bouchaud et al. 1995; Wittmer et al. 1996, 1997;

Cantelaube and Goddard 1997; Didwania et al.

2000; Tejchman and Wu 2008; Claudin et al.
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1998), experimental (Jotaki and Moriyama 1979;

Smid and Novosad 1981; Zhao et al. 2003; Vanel

et al. 1999; Brockbank et al. 1997; Zuriguel et al.

2007; Zuriguel and Mullin 2008) and numerical

studies (Luding 1997; Matuttis 1998; Matuttis et al.

2000; Liffman et al. 2001; Li et al. 2005). The

pressure under a sand pile may exhibit quite coun-

terintuitive features. In some cases, there is a local

minimum (dip) in the pressure profile below the tip of

the pile whereas in others, there is not (Vanel et al.

1999). Moreover, the pressure distribution is affected

by the shape of the particles. If a sand pile contains a

mixture of elongated particles poured from a point

source, the pressure distribution displays a deep

minimum beneath the apex of the pile. On the other

hand, if it contains a mixture of particles with an

aspect ratio close to 1—we will call these equiaxed

particles—then there rather is a small minimum

(Zuriguel et al. 2007; Zuriguel and Mullin 2008).

The phenomenon of the ‘‘dip under the heap’’ has

fascinated physicists. On the other hand, among

engineers there was a tendency to discard it as an

isolated phenomenon without particular significance,

for which many different explanations may be found,

and which is probably due to different reasons in

different experimental situations. One trivial explana-

tion was that the plate onto which the sand was poured

bent downward during the process (Zhao et al. 2003),

which would immediately reduce the pressure at the

centre, providing only that the sand did not follow this

movement without resistance. While this explanation

may hold for some experiments, there have been

careful studies in the meantime with thick ground

plates in Refs. (Vanel et al. 1999; Brockbank et al.

1997; Zuriguel et al. 2007; Zuriguel and Mullin 2008)

for which such an effect can essentially be excluded

and which still lead to a pressure minimum. Moreover,

in simulations a deflection of the bottom of the system

is excluded by definition, nevertheless they reproduce

the pressure minimum (Luding 1997; Matuttis 1998;

Matuttis et al. 2000; Liffman et al. 2001; Li et al. 2005).

Apart from the stress distribution discussed above,

another major mechanical property of granular

material is its density distribution, which may be

calculated from the local volume fraction of the

granular aggregate and the density of its constituent

particles. It is clearly important to understand how

density is distributed inside materials for application

in chemical industry, science, soil mechanics, and

concrete production. The bulk density of granular

aggregates also displays interesting properties. In

some cases, it exhibits a relatively homogeneous

distribution inside the heap, in others, it is very

inhomogeneous. The result depends strongly on the

characteristics of the granulate, especially the shape

and size distributions of the particles as discussed by

Picard et al. (Picard et al. 2001). Moreover, with the

same material, the construction history of the heap of

materials plays a crucial role. If a heap is constructed

from a rainy (uniform) filling method, producing

what is called a layered sequence in (Matuttis 1998),

there is a homogeneous density distribution in the

heap, if it is constructed from a point source via a so-

called wedge sequence (Matuttis 1998) then there is

an inhomogeneous density distribution, such as the

one observed experimentally by Smid and co-workers

(Smid et al. 1993).

The structural properties of force chains in two-

dimensional sand piles were measured experimen-

tally by Zuriguel et al. (2007) and it was found that

the shape of the particles has a major influence on the

packing of granular materials leading to different

force chain structures in the sand piles. They reported

that the chain structures for piles consisting of

circular particles are open whereas force chain

patterns are more complex for piles consisting of

elongated particles.

In order to investigate the influence of the

construction history of sand piles and the shape

distribution of particles on their mechanical proper-

ties, we simulate sand piles by either pouring grains

from a point source or from a line source onto a flat

substrate until a pile emerges. Our study is based on

numerical experiments on sand piles by implement-

ing a well-established numerical technique, the so-

called discrete element method (DEM), proposed by

Cundall et al. (Cundall and Strack 1979), which will

help us to investigate the mechanical properties

inside the piles.

This article is organized as follows. In Sect. 2, we

first give a short description of the simulation method

used in this work. We then describe how a sand pile is

constructed using two different types of pouring

procedures in Sect. 3. Section 4 is devoted to the

definition of macroscopic fields including stress,

strain and fabric tensors. The numerical results of

microscopic force distributions and several averaged

macroscopic variables obtained from our DEM
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simulations for both types of sand piles are presented

in Sect. 5. The influence of the construction history of

a sand pile is examined for stress distributions under

asymmetric sand piles and numerical results for stress

distributions are qualitatively compared with avail-

able analytical predictions for the stress tensor in

such a situation in Sect. 6. Finally, in Sect. 7, we

summarize and discuss our main results.

2 Simulation Method

We use the discrete element method (DEM) for

simulating sand piles in a two-dimensional system,

i.e. essentially molecular dynamics with more com-

plex particles and force laws including dissipation.

The behaviour of an assembly of N grains can be

obtained numerically by integrating Newton’s and

Euler’s equations of motion Eq. (1), involving the

forces and the torques acting on each particle. We use

a fifth-order Gear predictor–corrector scheme (Gear

1971) with a fixed time step in order to solve the

equation of motion for all particles. Particles are

represented by convex polygons.

mi€ri ¼ Fi þ
XN

j¼1

Fij

Ii
€/i ¼ Mi þ

XN

j¼1

Mij:

ð1Þ

Here, mi is the mass of the particle i. Fi is the force

acting on particle i due to the gravitational field. Fij is

the contact force on particle i exerted by particle j

(Fii = 0, and Fij = 0, if particle j does not touch

particle i). Since the direction of the force will not

point to the centre of mass of a particle in general,

each force produces a torque Mij about that centre

(and of course, Mii = 0). This will lead to an angular

acceleration €/i; Ii is the moment of inertia of particle

i about its centre of mass. So particle rotations are

fully taken into account in our simulation. Mi stands

for the external torque acting on the particle, which

however vanishes here, Mi = 0, because gravity is

the only external force, which does not induce

torques about the centres of mass of the particles.

Time is advanced after the initialization procedure of

the assembly until the latter has relaxed to a steady

state.

Since we consider non-cohesive particles in our

simulation, the only interaction forces between two

particles are friction forces and repulsion on contact.

In DEM with soft particles, the particles may overlap

which is exploited in the force calculation. The

repulsive normal force is computed using the geom-

etry of the overlap: it is taken proportional to the

overlap area of the two colliding particles, its

direction is perpendicular to the contact line, the

straight line joining the two intersection points of the

particle polygons. A distance mimicking elastic

displacement is calculated from the overlap area

and a characteristic length. The latter is proportional

to the harmonic mean of the lengths of the two branch

vectors pointing from the centres of mass of the

particles to their common contact and it is almost

constant during a collision. Its precise definition is

given in (Roul et al. 2010; Schinner 2001). In order to

have a realistic simulation, the overlap distance must

be small in comparison with the particle size. To

make collisions inelastic, a dissipative normal force is

included in our algorithm. The calculation of the

tangential force Ft, which is parallel to the contact

line, is more complicated than that of the normal

force Fn, because it is to be determined from the

Coulomb condition Ftj j � lFn, where l is the static

friction coefficient; this is just an inequality, not an

evaluable formula. A detailed analytic description of

both the normal and tangential force calculations may

be found in (Roul et al. 2010; Schinner 2001).

The force calculation is one of the most time-

consuming parts of the algorithm. Therefore, in order

to reduce computing time, algorithms from virtual

reality and computational geometry were adapted as

explained in (Schinner 1999). In our simulation

system, walls are represented as big immobile

particles. An essential aspect to make the algorithm

robust is the convexity of the polygons involved. If

one uses non-convex polygons, the definition of the

contact line may become ambiguous, because more

than two intersection points may arise, and large

overlaps can happen easily, because there is no

simple algorithm for the calculation of the distance of

non-convex polygons, and this can lead to local

energy explosions. The basic reason for using polyg-

onal particles instead of, say circular and elliptic ones

is that polygons are believed to better approximate

shapes of true grains that are often faceted. It has

been shown (Hidalgo et al. 2009; Azéma and Radjai
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2010) that for static assemblies the behaviour of

faceted particles may be very different from that of

‘‘round’’ particles (having no flat surfaces).

3 Method of Preparation of the Sand Pile

One may construct a sand pile in many different

ways. Here, we restrict ourselves to two different

approaches (both of technological relevance). The

first consists in pouring the material from a funnel

with a small outlet, known as a ‘‘point source’’ and

the second in pouring the material in a uniformly

distributed way from a so-called ‘‘line source’’. Note

that the line source is reduced in length during the

procedure so as to have a length equal to or slightly

smaller than that of the top plateau of the pile at any

instant of time. When a pile is constructed from a

point source (wedge sequence), the particles are

dropped onto the apex of the sand pile and roll down

the slopes of the pile, as shown in Fig. 1a. On the

other hand, when a sand pile is constructed from a

line source (layered sequence), the particles are

dropped in a layer-wise manner, from a height that

is slightly more than one particle diameter above the

highest present layer, as shown in Fig. 1b, which

means that they have little kinetic energy on impact.

3.1 Sand Piles from a Point Source

Sand piles were constructed from several thousands of

soft convex polygonal particles using the wedge

sequence. We used poly-disperse mixtures of particles

with varying shapes, sizes and edge numbers for

simulating a pile. The particles were dropped onto the

system from 40 cm height with initial velocity of

0.2 m/s and a time interval of 0.1 s between the

generation of successive particles. We constructed 14

sand piles poured from a point source, each containing

about 6,500 particles. The individual simulations differ

only by the initialization of the random number

generator for the generation of particles. The particle

corners are placed randomly on ellipses with uniformly

distributed lengths of axes. For the simulations

presented here, both lengths are drawn from indepen-

dent distributions with a prescribed ratio of their

averages. In the case of equiaxed particles (aspect ratio

close to one), both extensions are chosen from the same

distribution. Individual particle aspect ratios are then

limited by the width of this distribution (varying, for

example, between 70% and 130% of the average). In

the case of elongated particles to be discussed later, the

second axis is drawn from a distribution, the average of

which is by a certain factor smaller than that of the first,

corresponding to the desired aspect ratio, and the

polygon describing the particle was inscribed in an

ellipse with the resulting (semi-)axes. Clearly, this

procedure does not generate a fixed aspect ratio, the

elongation of the particles and their shapes exhibit

some variation—which is desired as it is just the same

in nature—but the average aspect ratio takes a

prescribed value (two for our elongated particles).

The 14 piles considered here consist of equiaxed

particles, the number of polygon edges varies from six to

eight for each simulation, and the average angle of

repose for these piles was approximately 28�, obtained

by taking the average over the left and right base angles.

In Sec 5, we will discuss the case of elongated

particles with an average aspect ratio of 2. The

number of particles and the degree of poly-dispersity

were comparable in both systems. The average angle

Fig. 1 Schematic diagrams of wedge sequence and layered

sequence construction procedures of the sand pile. a Particles

are dropped onto the apex of the pile, b Particles are dropped in

a uniform distribution on each layer of the pile
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of repose obtained for 10 piles was 31� for the

mixture of elongated particles.

3.2 Sand Piles from a Line Source

Next, we constructed sand piles that consisted of

about 6,500 convex equiaxed particles, pouring them

from a line source. The dropping height of each new

layer from the already present layer of the system was

8 mm (greater than one particle diameter) and

particles were dropped uniformly onto the already

present layer. The size and shape distribution of the

particles were the same as that for the point source

case. Also the time interval between two successive

layers (not single particles) was 0.1 s. We constructed

an ensemble of 11 sand piles using layered

sequences. The measured average angle of repose

of these sand piles was about 27�.

3.3 Simulation Parameters

We used a flat bottom ground plate onto which the

material was poured. The characteristic properties of

the ground plate, side walls and funnel (such as

Young’s modulus and friction coefficient) were equal

to the particle properties. The average diameter of

equiaxed particles was 6.8 mm, their degree of

polydispersity was 30%. By this notion we describe

a situation, where the minimum and maximum

diameters are 6.8 mm plus minus 30% (i.e. the

interval of possible axis lengths was [4.76 mm,

8.84 mm]), hence our degree of polydispersity refers

to particle length scales, not their volume.

The static and dynamic friction coefficients of the

particles were chosen equal for simplicity: ls =

ld = 0.54. The density and Young’s modulus of the

particle were q = 5,000 kg/m2 and Y = 107N/m,

respectively. The time step for simulating the sand

piles was 2 9 10-6s and the nondimensional coeffi-

cient of viscous damping described in (Roul et al.

2010; Schinner 2001) was c = 0.75. This coefficient

is used in the evaluation of a dissipative contribution

D�? to the force orthonormal to the contact line

between two colliding particles, a force taken

proportional to the velocity of change of the overlap

area DA: D�? ¼ c
ffiffiffiffiffiffiffiffiffi
Ym?
p

DA=lDt, where m?is an

effective mass calculated from the properties of

the two partners of the collision and l is the

aforementioned characteristic length associated with

the contact. For a detailed description of the defin-

tions of m? and l as well as of the complete force

calculation algorithm, the reader is referred to (Roul

et al. 2010).

4 Calculation of Tensorial Fields

In this section, we give mathematical formulas for

various macroscopic tensorial fields including stress,

strain, and fabric for the sand piles. Note that the details

on how the mathematical formulations for the macro-

scopic field quantities are derived from the microscopic

ones and how averaging is performed to compute

macroscopic variables are given in (Roul et al. 2010).

4.1 Calculation of Stress Fields

Once we have the forces and their points of contact,

we can determine a formal stress tensor of a single

particle, and then it is easy to determine the average

of the stress tensor over many particles in a repre-

sentative volume element (RVE). The stress tensor of

a single particle can be expressed as follows:

rij ¼
1

Vp

Xn

c¼1

rc
i f c

j ; ð2Þ

where rc
i is i-th component of the branch vector

joining the centre of mass of the particle to the

contact point c and f c
j is the j-th component of the

total force in that contact point. n is the number of

contact points of the particle p. Vp is the volume of

the particle (it is an area in two-dimensions).

This microscopic stress tensor would not be a

convenient tool to describe the macroscopic pile,

because it fluctuates wildly within a volume element

containing just a few particles. In order to reduce

fluctuations and to approach a macroscopic description,

an RVE is defined by the requirement that the averaging

procedure gives an unchanged result on increase of the

volume element. In preceding numerical experiments

(Roul et al. 2010), we have determined the necessary

size of the RVE to correspond to 100-200 particles.

4.2 Calculation of Strain Fields

To determine strains, we first allow sand piles to relax

under reduction of gravity. In this context, we change
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gravity very slowly by about 10% from the ambient

gravity level of the pile. The main reason for changing

gravity is that this will lead to slight displacements of

the particle centres, which allow us to obtain incre-

mental strains by determining the position changes at

the particle centres. As discussed in (Roul et al. 2010),

the procedure can also be used to approximately

determine the normal strain component aligned with

the gravity vector by referring to a hypothetical

strainless state at zero gravity, but fails for non

incremental strain components along other directions.

We used a best-fit approach, proposed by Cambou

and his coworkers (Cambou et al. 2000), who

consider the relative translation of the particles.

Assume that two particles p and q have a contact

c and dup
j and duq

j denote the translations of the

centres of particles p and q, respectively. Then the

relative translation of two particles p and q forming

contact c can be defined as follows:

dDuc
j ¼ duq

j � dup
j : ð3Þ

According to Cambou et al., the best-fit translation

gradient tensor eij obtainable from these displace-

ments is

eij ¼
X

k

zik

X

c

dDuc
j lck; i; j; k ¼ x; y; ð4Þ

where zij denotes the inverse of the matrix
Pn

c¼1

lc
xlcx

Pn

c¼1

lc
ylcx

Pn

c¼1

lc
xlcy

Pn

c¼1

lc
ylcy

0

BB@

1

CCA for two-dimensional systems.

Here the vector lc joins the centres of mass of the

two particles having the common contact point c. If

we call these particles p and q, we may define

lc
i ¼ rpc

i � rqc
i , The quantities rpc

i and rqc
i are the

(components of the) branch vectors connecting the

corresponding particle centres to the contact point c.

The components of the averaged deformation

gradient in two dimensions are as follows

exxðx; yÞ ¼
X

c

dDuc
x zxxlc

x þ zxylcx
� �

eyyðx; yÞ ¼
X

c

dDuc
y zyxlc

x þ zyylcy

� �

eyxðx; yÞ ¼
X

c

dDuc
x zyxlc

y þ zyylcy

� �

The strain tensor uij is obtained from this by

symmetrization, i.e. uij ¼ 1
2

eij þ eji

� �
.

4.3 Fabric Tensor

It is worth pointing out that the fabric tensor defines

the internal texture of an assembly of particles. Once

we have the contact points of the individual particles,

we can calculate the fabric tensor for a single particle.

The formula for the fabric tensor of particle p is given

(Goddard 1998; Cowin 1988; Luding 2004; Lätzel

et al. 2000) by

Fp
ij ¼

Xm

c¼1

nc
i nc

j ; ð5Þ

where nc
i is the i-th component of the unit vector to

contact point c of the considered particle p,

nc
x ¼

xc � xpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxc � xpÞ2 þ ðyc � ypÞ2

q ;

nc
y ¼

yc � ypffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxc � xpÞ2 þ ðyc � ypÞ2

q ; ð6Þ

where (xc, yc) and (xp, yp) are the contact point and

the centre of mass of particle p, respectively. Hence,

nc is the direction of the branch vector to contact c.

We take an average over sufficiently many particles

in a representative volume element V to determine the

average fabric tensor. The averaged fabric tensor can

be written as

Fij

� �
V
¼ 1

V

X

p

VPFP
ij ; ð7Þ

where V is the volume of the averaging element that

contains the particles whose centre of mass lies inside

it and Vp and Fp
ij respectively denote the volume and

the fabric tensor of particle p.

5 Simulation Results

In this section, first, we present the simulation results

of the force network inside a sand pile, for two types

of sand piles that were constructed using the two

kinds of pouring protocols mentioned. Fig. 2a dis-

plays the force network for a point source sand pile.

The line thickness represents the magnitude
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(strength) of the force. The darker and wider a line

the stronger the force it represents. In Fig. 2 b, we

give the same results for a sand pile poured from a

line source. As can be seen in the figure, the force

network varies as a function of the position in the

pile, exhibiting strong fluctuations. We observe that

in the heap, there are weak force chains near the free

surface of the pile and much stronger ones in the

interior region near its middle, indicated as a thick

horizontal (red/dark) line at the bottom of the picture.

On the other hand, the force network for the pile

poured from a point source demonstrates that there

are no extremely strong force chains appearing in the

central region of the pile.

Next, via averaging over representative volume

elements (RVE), we have determined several macro-

scopic quantities, viz. stress, strain, fabric and density

throughout the piles. We discuss in the following the

simulation results of the averaged normalized (neg-

ative) stress tensor for the sand piles constructed by

the two different pouring protocols. We normalized

the stress tensor by the quantity qgh, where q and h

denote the average density and the height of the sand

pile, respectively, and g is the acceleration due to

gravity.

Since we find that fluctuations in the stress tensor

field of a single sand pile are strong, we take averages

over several piles in order to suppress these fluctu-

ations somewhat. The vertical normal stress, aver-

aged over 14 piles is displayed in Fig. 3 a, at different

heights above the base of a point source pile

consisting of a mixture of equiaxed particles. We

find a pressure dip below the apex of the pile, which

appears not only at the bottom, but also exists up to a

certain height inside the piles. The vertical normal

stress distribution inside a pile built from a line

source, averaged over 11 piles, is shown in Fig. 3b.

From the figure, we find there is no stress dip below

the apex of the pile; it displays a plateau near the

centre of the piles. Furthermore, we compare numer-

ical simulation results of stress distributions with the

results obtained by experimental measurement both

for point source and line-source sand piles (Vanel

et al. 1999).These comparisons exhibit identity of our

numerical results and experimental ones in all

qualitative respects. Of course, a quantitative com-

parison is not meaningful, because the experiments

have been done for three-dimensional systems.

In the next step, we determine the vertical normal

stress for sand piles constructed from a point source

and consisting of a mixture of elongated particles,

then compare the result with the stress tensor of sand

piles containing equiaxed particles. Since our simu-

lations are two-dimensional, we cannot simulate

realistic particle shapes, but we try to mimic the

difference between roughly spherical and elongated

particles by working with almost circular (but

polygonal) particles on the one hand and elongated

ones inscribed into an ellipse on the other hand. As

mentioned before, elongated particles with an aver-

age aspect ratio of 2 were used for the simulation.

Simulation results of the average negative vertical

normal stress tensor for piles consisting of a mixture

of elongated particles are illustrated in Fig. 4 a,

which shows that the stress dip is clearly much larger

below the apex of the pile than for the mixture of

equiaxed particles, as represented in Fig. 3a. A

quantitative comparison between the two sand piles

at the bottom layer provides that the amplitude of the

stress dip is about two times larger for the elongated

particles than for equiaxed ones. The reason for the

existence of the large dip in the centre of a sand pile

consisting of elongated particles may be that the

anisotropy of the contact network is larger in the

central region than for the mixture of equiaxed

particles. In conclusion, the stress tensor under a sand

pile is affected by the shape distribution of particles.

In addition, the stress distributions inside piles

consisting of equiaxed particles are compared with

the stress tensor for a pile consisting of elongated

particles, where particles are dropped using a line

source. We have confirmed that the latter stress
Fig. 2 Simulation result giving the force network for a sand pile

constructed from a point source (a) and from a line source (b)
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distribution behaves qualitatively similar not showing

a local minimum near the centre of the pile. Since

this behaviour is expected and only mildly interest-

ing, we have not done averages on several line-source

piles, but we give an example of a single sand pile in

Fig. 4 b.

We then compute the average volume fraction

inside a sand pile constructed from a point source

using equiaxed particles; this is illustrated in Fig. 5a,

whereas the same quantity is represented in Fig. 5b

for a line-source sand pile. For a point source, the

central core region of the pile exhibits an increased

density that is approximately 8-10% higher than the

density in the vicinity of the surface of the pile. In

contrast, the volume fraction is almost constant, close

to 0.79, in the line source case, especially in the

central region of the sand pile. Since in averaging the

volume fraction over a representative volume ele-

ment we discard particles whose centre of mass is not

in the element, our values systematically underesti-

mate the true volume fraction. (The procedure could

be improved by including particles that are not

completely in the representative volume element with

a weight factor corresponding to their fraction inside

it.) There is a slight inhomogeneity of the distribution

in the vicinity of the surface of the sand pile. We

conclude from our numerical investigation of the

average density for the sand pile that the construction

history of the granular aggregates affects their density

distribution, which agrees with the existing experi-

mental conclusion (Picard et al. 2001).
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Fig. 3 Normalized vertical (negative) normal stress tensor

component �ryy at different heights inside the sand pile

consisting of equiaxed particles, constructed from a point

source (a) and from a line source (b)
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pile constructed from elongated particles. a Average over 10

sand piles poured from a point source. b Result for a single

sand pile poured from a line source
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Our numerical measurements of the vertical

incremental normal strains obtained by a change of

gravity level by approximately 10% for two types of

sand piles are displayed in Fig. 6. (An approximation

to the full normal strain would be obtained by

multiplying this with the appropriate factor, about 10.

As discussed in (Roul et al. 2010), this procedure

would not be exact, because lateral stresses were

found not to scale with gravity and the vertical strain

is also coupled to the horizontal stress. Quantita-

tively, the inaccuracy is limited for the vertical strain,

whereas for horizontal ones the distinction between

incremental strains that can be calculated accurately

and nonincremtenal ones, which for lack of a

reference state cannot, becomes important.) The

figure reveals that the vertical normal strain changes

with the layer position inside the piles like the stress

tensor, as expected, which means the behaviour of

this strain tensor component is qualitatively similar to

that of the corresponding stress tensor component for

a certain construction history of the pile. For a point

source, we find a dip (Fig. 6 a) in the strain profile. A

similar strain minimum was not obtained in sand

piles constructed from a line source (Fig. 6 b).

The last ingredient missing for the macroscopic

properties of a pile is the fabric tensor for describing

the internal structure of the sand piles; in particular,

we determine the contact density inside the piles. The

trace of the averaged fabric at different heights for

two types of sand piles is displayed in Fig. 7. For the

case of a point source (Fig. 7 a), the isotropic part of

the fabric has a maximum value exactly below the
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apex of the piles, whereas for the case of a line source

(Fig. 7 b), the fabric distribution in the middle of the

pile remains flat and is almost constant, which means

fabric is homogeneously distributed in the central

region of the pile. This means that contact density

and volume fraction are positively correlated, which

is not too surprising.

In Fig. 8, we give the trace of the fabric tensor for

a sand pile consisting of a mixture of elongated

particles with average aspect ratio 2 poured from a

point source, which exhibits a strong increase of the

contact density near the centre of the pile with a peak

that is even more pronounced than in the case of

equiaxed particles (Fig. 7 a). It also underlines the

close relationship between the existence of a mini-

mum in the pressure and a maximum in the trace of

the fabric, a somewhat counterintuitive correlation, as

one would expect normally that a reduction of

pressure also leads to a reduction of the contact

density of particles.

6 Stress Distribution of Asymmetric Sand Piles

In the next step, we simulate asymmetric sand piles

using a point source procedure. A pile consists of

roughly 5,900 equiaxed polygonal particles with

average diameter of 9 mm and each particle having

seven corners, the degree of poly-dispersity is 30%.

The procedure for constructing an asymmetric pile

from a point source is essentially the same as that of the

construction of a symmetric sand pile, but instead of

using a fixed-position point source (the funnel), we

move the funnel horizontally towards the right-hand

side. The average angle of repose for the left-hand side

of the sand pile obtained for seven sand piles was 28�
and it was 21� for the right-hand side of the sand pile.

The funnel, originally positioned at x = 0, started

moving after a certain temporal delay, so particles are

falling on the inclined surface of an existing sand pile,

once the funnel is in motion. From this consideration, it

is relatively easy to understand why the left angle of

repose was always larger than the right one.

Figure 9 shows an example of an asymmetric sand

pile poured from a point source and one obtained

using a line source. Different colours/grey levels

correspond to groups of particles deposited at differ-

ent times. The pile produced by layerwise deposition

(Fig. 9 b) looks much more ‘‘tidy’’ than the one built
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Fig. 7 Averaged trace of the fabric tensor F for sand piles
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(a) and from a line source (b)
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from a point source (Fig. 9 a) which has a roundish

tip and non-straight surfaces, whereas the envelope of

the line-source pile is almost a perfect triangle. The

difference is due to the continuous generation of

avalanches in the process of pouring the point source

pile; these produce disorder in the surface profile,

whereas avalanches are essentially absent in the case

of a pile growing from a line source with deposition

at small kinetic energy.

We present in Fig. 10a the numerical results of the

averaged (negative) vertical normal stress tensor at

different heights of an asymmetric pile constructed

from a point source. The topmost curve in the graph

shows the stress tensor result at the bottom layer of

the corresponding sand pile, whereas the bottom

curve corresponds to the top layer. It can be seen that

there is an asymmetric stress distribution and a dip

exists in the stress profile below the apex of the sand

piles. Also, due to the movement of the point source

to the right, the minima of the pressure distribution at

different heights are shifted from x = 0 to values

between x = 0.1 and x = 0.2 in the course of time.

The precise value of the final shift depends on the

lateral velocity of the source as well as on the

duration of the procedure and no attempt was made to

control it in the simulation.

Furthermore, we obtain an asymmetric sand pile

by constructing it from about 3,700 polygonal

particles that are poured from a line source. Particles

used were equiaxed with a fixed number of corners

(seven) for individual simulations, an average diam-

eter of 7 mm, and the degree of polydispersity was

10%. The procedure for constructing an asymmetric

sand pile from a line source is based on a similar line

of thought as the construction of the symmetric sand

pile, but instead of depositing a new layer onto an

already present one symmetrically we deposit it in an

asymmetric way, shifting the centre of the line source

in each deposition step by a constant amount to the

right (again after some initial delay during which a

small pile was allowed to build up). The average

angle of repose obtained for seven sand piles was 31�
for the left-hand side of the pile and 22� for the right-

hand side of the pile.

Figure 10 B shows the simulation results for the

averaged normalized (negative) vertical normal stress

tensor along horizontal cuts at different heights of an

asymmetric sand pile constructed from a line source.

From the figure, we find an asymmetric pressure

distribution under an asymmetric sand pile, as

Fig. 9 Simulated asymmetric sand pile constructed from a

point source (a) and from a line source (b). a Width of the pile

at the bottom: 180 cm, height to the tip: 36 cm. b Width of the

pile at the bottom: 110 cm, height to the tip: 23.5 cm
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Fig. 10 Simulation result for the vertical normal stress

distribution �ryy(normalized) at various heights inside a two-

dimensional asymmetric sand pile constructed from a point

source (a) and a line source (b)
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expected and a plateau distribution below the apex of

the pile. No experimental results seems to exist in the

literature to which we might compare our numerical

simulation results. However, qualitatively similar

behaviour was observed in the analytical approach

for sand piles obtained by Didwania et al. (Didwania

et al. 2000) who calculated the asymmetric stress

distribution below the apex of the asymmetric sand

pile in the framework of an elastoplastic model.

Our results on the stress distribution in an asym-

metric pile make for an interesting corollary on ideas

discussed in (Wittmer et al. 1997), concerning the

‘‘freezing in’’ of a stress distribution or at least its

orientational characteristic as soon as a grain is buried

in the deposition process. This is a basic assumption

motivating the fixed-principal axis model (FPA)

proposed in (Wittmer et al. 1997). Looking closely at

the curves in Fig. 10 a, we note that by and large the

extrema appear to move from the right to the left when

we go from a lower layer of the sand pile to an upper

one. (Remember that earlier layers are at the bottom of

the pile, later ones at the top.) If stress distributions in a

layer were frozen as soon as it was buried by the next

layer of grains, we would expect motion from left to

right, which is the direction of motion of the point or

line source. That this does not happen demonstrates

clearly that the stress distribution is changing through-

out the pile as new layers are added, reducing the

credibility of the FPA assumption.

In Fig. 11, we give the trace of the fabric tensor for

asymmetric sand piles built both from a point source

and from a line source. Both distributions display a

certain degree of asymmetry beyond the displacement

of their centre to the right and show that also the contact

distribution has some flexibility in adapting to the

deposition of later layers of particles. Therefore, while

these quantities are history dependent, they are not

immutable by later events and a change in the

construction protocol will modify the observed distri-

bution in situ.

7 Conclusions

To conclude, numerical simulations were performed

on two-dimensional systems, in which a symmetric

sand pile was constructed from several thousands of

convex polygonal particles with varying shapes, sizes

and edge numbers. The particles were poured either

from a point source or a line source. We measured

microscopic force distributions of the resulting sand

piles. We find that force networks exist and strongly

fluctuate within the sand pile and that the building

history of the heap influences the structure of the

force chains.

Determining numerically the stress fields inside

the pile, the averaged stress distribution reproduces

the experimentally observed pressure minimum for

sand piles poured from a point source, whereas a

similar minimum was not observed for sand piles

built from a line source. This confirms that two sand

piles consisting of the same material may have

different stress distributions.

Moreover, the averaged stress tensors were com-

pared numerically for sand piles consisting of equi-

axed particles with those from sand piles consisting

of elongated particles. We obtained a small dip below

the apex of piles that contain a mixture of equiaxed

particles when the pile was constructed by dropping
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Fig. 11 The trace of the fabric tensor F for an asymmetric

sand pile built from a point source (a) and a line source (b)
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particles from a point source, whereas the stress dip is

clearly much larger for the case of elongated

particles. Comparing the magnitude of the stress dip

at the bottom layer of the piles, we note that the

amplitude of the stress dip is two times larger for the

elongated particles of average aspect ratio two.

Therefore, not only the construction history of the

sand pile affects the pressure distribution under a

sand pile, but also the shape of the particles.

The averaged density was obtained for both types

of sand piles. We found that the central core region of

the point source heap displays a higher density than

its surroundings, which is a surprising finding,

because the density increases where the pressure

becomes smaller. A detailed discussion of the phys-

ical implications of such a behaviour is given in

(Roul et al. 2010). On the other hand, we did not find

much deviation in the density profile for a line-source

heap; the volume fraction is approximately homoge-

neously distributed in the central region of the pile.

The averaged vertical normal strain tensor was

evaluated numerically throughout the sand pile, for

two types of sand piles. The outcome of the

simulation for a point source pile, which resembles

the vertical normal stress, gives a minimum not only

at the bottom layer but also in higher layers of the

sand piles, as expected. Again, the situation is

different for a pile poured from a line source, which

demonstrates that the construction history affects the

strain distribution under a sand pile.

Another macroscopic tensorial quantity that we

determined was the fabric tensor in order to gain more

detailed knowledge on overall macroscopic material

properties of the sand piles. An interesting observa-

tion has been made in our numerics: in the lower

pressure region in the centre of the sand piles created

by the point source protocol, we have a higher number

of average contacts of the particles. While this

behaviour of the contact density is counterintuitive

in terms of the pressure, it fits together well with the

increased local density in the centre. Moreover, the

contact number density is affected by the filling

method of the granular aggregates.

Finally, the averaged stress distributions were

measured numerically inside asymmetric sand piles

as well that were constructed using two different

pouring protocols. We emphasize that the stress fields

inside an asymmetric sand pile have not been

previously measured experimentally. Measuring the

stress distribution under the sand piles we found that

the construction history of the granular aggregates

affects their stress distributions.
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